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ABSTRACT
Equivalent circuit models for batteries are commonly used

in electric vehicle battery management systems to estimate state
of charge and other important latent variables. They are com-
putationally inexpensive, but suffer from a loss of accuracy over
the full range of conditions that may be experienced in real-life.
One reason for this is that the model parameters, such as internal
resistance, change over the lifetime of the battery due to degra-
dation. However, estimating long term changes is challenging,
because parameters also change with state of charge and other
variables. To address this, we modelled the internal resistance
parameter as a function of state of charge and degradation using
a Gaussian process (GP). This was performed computationally
efficiently using an algorithm [1] that interprets a GP to be the
solution of a linear time-invariant stochastic differential equa-
tion. As a result, inference of the posterior distribution of the
GP scales as O(n) and can be implemented recursively using a
Kalman filter.

INTRODUCTION
Battery management systems in electric vehicles often em-

ploy electrical equivalent circuit models (ECMs) to control bat-
tery packs. These models commonly include an open circuit volt-
age source, one or more RC pairs and a series resistance. In com-
parison to ‘physics-based’ battery models such as the so-called
Doyle-Fuller-Newman model [2,3], or reduced-order models de-

rived from it [4], equivalent circuits have much lower computa-
tional cost. However, with simplicity comes limited performance
over the range of states of charge and temperatures experienced
in EV use, and this is partly due to parameter variations [5,6]. In
addition, during operation, accuracy typically deteriorates as bat-
teries age. Due to the complexity of degradation [7], modelling
the dependency of battery model parameters on aging remains a
challenge.

To improve the performance of ECMs, model parameters
may be considered functions of state of charge (SoC), tempera-
ture and other variables, such as battery age or other stress factors
influencing state of health. For this study, the series resistance of
a simple first-order electrical equivalent circuit is modelled as a
function of state of charge and degradation using a Gaussian pro-
cess (GP), a type of non-parametric model. (‘Non-parametric’
models can be thought of as having infinite dimensional param-
eters, i.e. their ‘parameters’ are actually functions. In this paper
we also refer to non-parametric models as ‘functional parame-
ters’.) First, a ground-truth is established by simulating the bat-
tery voltage response to an electric vehicle load calculated from
the urban dynamometer driving schedule (UDDS) using a first-
order RC-circuit, with the series resistance being a given func-
tion of SoC and degradation. This function is then retrieved back
from the data as the posterior distribution of a Gaussian process.
Inference is conducted using the linear time-invariant stochas-
tic differential equation framework [1, 8] of Gaussian processes,
allowing for computationally efficient recursive methods to be
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FIGURE 1. First order RC circuit. The series element resistor R0 is
considered a function of both SoC and degradation.

used. The resulting estimation is implemented as a modified ex-
tended Kalman filter, enabling stable joint estimation of battery
states and the functional parameter at the same time.

Previous work on joint online estimation of battery states
and parameters has focused on Bayesian filtering techniques
[9–12] and adaptive observers [13,14]. However, rudimentary or
no parameter dynamics were assumed, which in the latter case
results in random walk parameter evolution and no ability to
forecast future behaviour accurately. Furthermore, when using
explicit dynamics, such as in [14], their functional form has to
be a priori determined, which for battery degradation remains a
significant challenge. In contrast, our key contribution in this pa-
per is to incorporate the learning of parameter dynamics within a
flexible and computationally efficient approach that extends joint
Bayesian filtering techniques for combined SoC/SoH estimation.

EXTENDED EQUIVALENT CIRCUIT MODEL
The proposed ECM is illustrated in Fig. 1. The circuit con-

sists of an open circuit voltage source V0, a single RC-pair, and
a series resistance dependent on parameters θ , representing SoC
and degradation. The continuous-time system dynamics are

ẋ =
It

Q
(1a)

V̇RC =− VRC

R1C1
+

It

C1
(1b)

Vt =V0(x)+VRC +R0(θ)It, (1c)

where x is the state of charge, VRC the voltage across the RC pair,
V0 the open circuit voltage, Vt the measured terminal voltage and
It the input current (positive on charging). There are two dynamic
states, namely x and VRC. It is assumed that the OCV function,
V0(x), and parameters, R1 and C1, are known. The functional
parameter R0(θ) is jointly estimated with the battery states.

In practical applications, the function describing the depen-
dency of the series resistance R0 on SoC is not well known and
is experimentally fitted [15, 16]. Various physics-based [17] and

semi-empirical models [18] for Li-ion battery degradation illus-
trate that the direct mapping of model parameters to ‘stress fac-
tors’ impacting degradation is difficult to establish. Modelling
the function R0 as a Gaussian process provides a flexible ap-
proach for estimation, which may be performed online using a
recursive algorithm as described below.

GAUSSIAN PROCESS REGRESSION
A Gaussian process is a collection of random variables, any

subset of which has a joint Gaussian distribution. This defines
a prior distribution over functions, which can be used to yield a
posterior when conditioned with observed data. By definition,
GPs may be represented by a mean and covariance of a multi-
variate Gaussian, that is,

f (x)∼ GP(µ(x),k(x,x′)) , where
µ(x) = E [ f (x)] ,

k(x,x′) = E
[
( f (x)−µ(x))( f (x′)−µ(x′))

]
.

(2)

Without loss of generality, it may be assumed that the Gaussian
process has zero mean, so that µ(x) = 0. Therefore the Gaus-
sian process may be entirely described by its covariance func-
tion k(x,x′). There exist many different covariance functions for
GPs [19]. The Matérn family of functions,

k(x,x′) = σ
2 21−ν

Γ(ν)

(√
2ν
|x− x′|

l

)ν

Kν

(√
2ν
|x− x′|

l

)
, (3)

are used in many applications. Here Kν is the Bessel function
of the second kind and σ ,ν and l are the hyperparameters. The
parameter ν is often poorly identifiable from data and is chosen
a priori [20]. A very commonly used covariance function, the
squared exponential (SE), is obtained as ν → ∞ [19],

k(x,x′) = σ
2exp

(
−|x− x′|2

2l2

)
. (4)

Fig. 2 illustrates the effect of varying ν on the smoothness of
the GP. Covariance functions in the Matérn family are stationary
and isotropic, depending only on the Euclidean distance between
inputs, |x− x′|, making them translation-invariant. The parame-
ters σ and l control the magnitude and length scale of the Gaus-
sian process and may be inferred by maximising the marginal
likelihood of observing the data (in the absence of measurement
noise) [19], conditional on θh ∈ [σ , l],

log p(y|X ,θh) =−yT k(θh,X)−1y− 1
2

log |k(θh,X)|− n
2

log2π,

(5)
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FIGURE 2. COMPARISON OF MATÉRN FAMILY OF COVARI-
ANCE FUNCTIONS WITH σ2 = 1 , l = 1.

where n is the input dimension, y are the observations, and | · |
represents the determinant. For notational convenience, k(θh,X)
represents the covariance function parameterised with θh and in-
put X . Given the covariance function and its hyperparameters,
the task in Gaussian process regression consists of finding the
posterior distribution of the function given the input-output train-
ing data (X ,y) and mean and covariance functions. Prediction
using the model may then be performed by integrating over the
posterior distribution given the new inputs. As the posterior dis-
tribution p( f |X ,y) is Gaussian, the predictive distribution has a
closed form solution that is derived from the joint distribution of
training and test points [21],

p( f∗|X∗,X , f ) = N( f∗|µ∗,Σ∗)
µ∗ = µ(X∗)+ k(X ,X∗)T k(X ,X)−1( f −µ(X))

Σ∗ = k(X∗,X∗)− k(X ,X∗)T k(X ,X)−1k(X ,X∗),

(6)

where X∗, f∗ denotes the test input points and predictions and
X , f the corresponding training points.

GP representation as linear dynamic system
Both the calculation of the marginal likelihood (5) and the

predictive distribution (6) require the inversion of the covariance
matrix k(X ,X ′). Since k ∈ Rnxn, where n is the dimension of in-
put x, and the computation of the inverse of k scales as O(n3),
a batch approximation quickly becomes unfeasible as n grows.
Many sparse approximation techniques exist to reduce the com-
putational load of inference [22,23]. One such technique, achiev-
ingO(n) in computational effort, is to consider the Gaussian pro-
cess to be a solution to a linear time-invariant stochastic partial

differential equation [1, 8, 20],

∂ f (x, t)
∂ t

= F f (x, t)+Lw(x, t), (7)

where F is the transition matrix, L the dispersion matrix and
w(x, t) the noise process. This spatio-temporal model has been
used in applications such as geostatistical modelling [1,24]. The
approach uses the Fourier-domain representation of the covari-
ance function, which, by the Wiener-Khinchine theorem, repre-
sents the spectral density of the underlying stationary stochastic
process. As shown by [1, 25], the spectral density in temporal
and spatial Fourier dimensions (ωx,ωt) may be factorized to be
of the form

S(ωx,ωt) = G(iωx, iωt)q(ωx)G(−iωx,−iωt), (8)

where G(iωx, iωt) is a stable transfer function and q(ωx) the
spectral density of the white noise driving the stochastic process.
Provided G is strictly proper, a corresponding state-space real-
ization is easily retrieved.

FUNCTIONAL PARAMETER AS A TWO-DIMENSIONAL
GAUSSIAN PROCESS

In order to enable the series resistance R0 in the equivalent
circuit (1) to be a function of both SoC and degradation, it is
modeled as a zero-mean Gaussian process with covariance func-
tion given by

k(x, t) = σ
2exp

(
−ax|x|2

)
exp
(
−at|t|2

)
, (9)

where ax,t = (2l2
x,t)
−1. The use of the product of covariance func-

tions makes k(x, t) separable in both time and frequency domains
and allows for separate length scales to be used. The SE is cho-
sen due to its smoothness over other Matérn functions in the nor-
malised interval |x| ≤ 1 (see Fig. 2). For the purposes of estimat-
ing R0, we treat SoC as the ‘spatial’ domain, x, and degradation
as the ‘temporal’ domain, t, to produce a linear system of the
type in (7). Following the procedure outlined in [25], taking the
Fourier transform of this covariance function gives the spectral
representation,

S(ωx,ωt) =

σ
2
(

π

ax

) 1
2

exp
(
− ω2

x

4ax

)(
π

at

) 1
2

exp
(
−ω2

t

4at

)
. (10)

Since this is separable in x and t, it may be factorized as

S(ωx,ωt) = G(iωt)q(ωx)G(−iωt). (11)
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As the transfer function G(iωt) is not rational, a 4th order Taylor
expansion is taken as an approximation [8]. This gives a linear
dynamic system of the form (7), where

F0 =


0 1 0 0
0 0 1 0
0 0 0 1
−a0 −a1 −a2 −a3

 , x0 =


f (x, t)
∂ f (x,t)

∂ t
∂ 2 f (x,t)

∂ t2
∂ 3 f (x,t)

∂ t3

L0 =


0
0
0
1

 , (12)

with an representing the coefficients in the denominator of G.
The spatially resolved white noise w(x, t) has a spectral density
q given by [8, 25]

q = k(x)⊗ σ
2N!
√

π

at
(4at)

N︸ ︷︷ ︸
temporal spectral density

, (13)

where the temporal spectral density is due to the Taylor approxi-
mation of G(iωt) where N = 4 and

k(x) = exp(−ax|x|2), (14)

which is retrieved from the inverse Fourier transform of q(ωx)
and is simply the spatial part of (9). The representation (12)-
(14) remains infinite-dimensional in SoC terms, x. To obtain a
finite dimensional representation, the x-domain is represented
by 10 equispaced triangular basis functions, which results in
a block-diagonal representation where F = I(10) ⊗ F0, L =
I(10)⊗ L0, x = 1⊗ x0, 1 representing a vector of ones and
I(10) the identity of size 10. The spatial covariance function,
k : R10 7→ R10x10, is evaluated at basis function centres.

Recursive inference of GP using the Kalman filter
Recursive inference of a Gaussian process in the form of

linear time-invariant system (12), (14) may be done using the
Kalman filter framework. The initial covariance PGP,0 should be
defined carefully in order to describe a GP. It may be obtained
from the solution to the matrix Lyupanov equation [8],

dP
dt

= FP+PFT +LqLT = 0. (15)

The discrete-time process noise covariance, QGP, for the GP may
be efficiently calculated [26] from PGP,0 as

QGP = PGP,0−APGP,0AT , (16)

where A is the matrix exponential expm(Ft∗s ), with t∗s being the
sampling step size. Here the temporal dimension is degradation,
where the metric used is the charge throughput during the ageing
of the battery, making the sampling step

t∗s =
∫ t

t0
|I| dt (17)

in the time interval [t0,t].

Joint estimation of GP and battery states
The Kalman filter inference framework may be extended by

incorporating the battery state estimation task resulting from the
equivalent circuit model (1). The resulting system jointly esti-
mates SoC, the overpotential VRC and the series resistance (as a
GP), recursively. The resulting system dynamics are block diag-
onal with respect to the battery states and the Gaussian process,
which in discrete time is represented by

[
zBatt
zGP

]
t+1

=

[
ABatt 0

0 expm(Ft∗s )

]
︸ ︷︷ ︸

Asys

[
zBatt
zGP

]
t
+BIt + ε, (18)

where

zBatt ∈ [x,VRC]
T , zGP ∈ R40 , ε ∼ N(0,Qsys),

zGP being the set of states due to the GP. The continuous time
transition matrix for the Gaussian Process is F , and

ABatt =

[
1 0
0 exp(− ts

R1C1
)

]
,B =


ts/Q

R1

(
1− exp(− ts

R1C1
)
)

0
...

 , (19)

where ts is the sampling step size. Similarly, the process noise
covariance matrix may be defined as a block diagonal,

Qsys =

Qx 0 0
0 QVRC 0
0 0 QGP

 . (20)

The system is linear apart from V0(x), modeled by a poly-
nomial which is a cubic approximation of the OCV calculated
by [27] for a Li-NMC cell at 25 ◦C,

V0(x) = 3.64+0.55x−0.72x2 +0.75x3. (21)
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Initialization:

z+Batt,t = z+Batt,0

z+GP,t = 0

P+
Batt,t = 0.0001I

P+
GP,t = PGP,0

Z+
t = [z+Batt,t z+GP,t]

T

P+
t = blkdiag(P+

Batt,t , P+
GP,t)

Φ =− log p(θ)

Propagation:

Z−t = AsysZ+
t-1 +BIt-1

P−t = AsysP+
t-1AT

sys +Qsys

Measurement and update:

V̂t = h(Z−t , It) , et = (Vt−V̂t)

St = HtP−t HT
t +R

Kt = P−t HT
t S−1

t

Z+
t = Z−t +Ktet

P+
t = P−t −KtStKT

t

Energy function update:

Φ = Φ+ 1
2 log(|2πSt|)+ 1

2 eT
t S−1

t et

TABLE 1. EXTENDED JOINT KALMAN FILTER RECURSION
USING SYSTEM (18)-(22). Ht IS THE JACOBIAN OF THE
MEASUREMENT EQUATION h(Z−t , It) CALCULATED AT EACH
TIMESTEP.

Due to this non-linearity, the extended Kalman filter (or sim-
ilar) is required for estimation. The measurement equation for
the system is

h(xt,VRC,t,zGP,t, It) =V0(xt)+VRC,t +Ψ(xt)DGPzGP,tIt, (22)

where Ψ(x) is the vector of triangular basis functions to project
the reduced-dimensional representation of the Gaussian Process
to the current SoC value and DGP = I(10)⊗ [1 0 0 0] is a sparse
matrix such that the 1 appears for the first term in the Gaus-
sian process dynamics at each spatial location and represents
the value of the series resistance R0(x, t∗). The joint extended
Kalman filter recursion is shown in Table 1.

Hyperparameter estimation using the EKF recursion
In addition to approximating the posterior distribution of the

functional parameter R0, the Kalman filter recursion also pro-

vides the calculation required for the Bayesian inference of the
hyperparameter vector θh ∈ [lx, lt]. By Bayes’ rule, the posterior
parameter distribution is given by

p(θh|y) =
p(y|θh)p(θh)

p(y)
, (23)

where p(y|θh) is the likelihood of observing the data given θh
and p(θh) the prior distribution of θh. To approximate the poste-
rior distribution p(θh|y), various methods such as Markov Chain
Monte Carlo (MCMC) [28] or variational inference [29] may be
used. For the purposes of estimating the hyperparameters in this
study, a uniform prior is assumed for them. The Kalman filter
provides a method of recursively estimating the so-called energy
function (Table 1), that is the negative unnormalized logarithm
of the posterior parameter probability,

Φ =− log p(θ |y) =− log p(y|θ)− log p(θ). (24)

With a uniform prior, the second term in (24) is constant, mean-
ing the maximum likelihood estimate (MLE) of the hyperparam-
eters is therefore achieved by minimising Φ. A Gaussian approx-
imation of the posterior is made by using Laplace’s approxima-
tion [21] around the MLE point (the mode of the posterior) to
estimate the variance, giving

p(θ |y)∼ N(θML, Σ̂) ,where Σ̂ =
∂ 2φ

∂θ 2

∣∣∣∣−1

θML

. (25)

Smoothed estimates
The forward posterior distribution of the system obtained

from the EKF recursion includes information up to the point
of measurement, expressing the probability p(Zt|y1:t). To re-
trieve smoothed estimates of R0(x, t∗), the probability distribu-
tion can be conditioned on all the measurements in the data,
that is p(Zt|y1:T), where T represents the last time index. The
smoothed mean and covariance are obtained through the Rauch-
Tung-Striebel smoother (RTSS) [30]. The algorithm consists of
a backward pass through the data having first obtained a his-
tory of the prior and posterior mean and covariance estimates
for each point in time (Table 2). The RTSS is key to the estima-
tion of the functional parameter using a Gaussian process with
noisy data. Specifically, using the smoothed estimate as a start-
ing point, both interpolation and to some degree, extrapolation,
may be performed.

SIMULATIONS
Generating synthetic ground-truth data

To produce a ground-truth dataset, a Li-ion cell was simu-
lated using a fully known system (1) with the series resistance
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Initialization:

µs
T = µ

+
T

Ps
T = P+

T

Backward recursion:

µ
−
t+1 = Atµt

P−t+1 = AtPtAT
t +Qt

Gt = P+
t AT

t (P
−
t+1)
−1

µs
t = µ

+
t +Gt(µ

s
t+1−µ

−
t+1)

Ps
t = P+

t +Gt
(
Ps

t+1−P−t+1

)
GT

t

TABLE 2. RAUCH-TUNG-STRIEBEL SMOOTHER ALGO-
RITHM AS REPORTED BY [31]. THE PRIOR AND POSTERIOR
MEAN AND COVARIANCE ESTIMATES ARE OBTAINED FROM
THE FORWARD PASS OF THE KALMAN FILTER SHOWN IN
TABLE 1.

function

R0(x, t∗) =

(0.005+0.004x2−0.006x+
0.0015

1+ e−6(t∗−1) ) Ω, (26)

with the x (SoC) dependency being similar in magnitude and
shape to experimental results [16], and the t∗ dependency be-
ing arbitrary. The parameters for the RC pair were set to R1 =
0.002Ω and C1 = 8000F. The simulation consisted of 52 repeti-
tions of the UDDS drive cycle sampled at 1Hz with load calcu-
lated by the simVehicle tool [32]. The drive cycle, simulated
voltage response and SoC evolution over 1 cycle are shown in
Fig. 3. The battery was ‘recharged’ every fourth cycle to bring
it back to the initial SoC of 75%, giving an overall SoC range of
35%-75%. Upon recharge, the cycle was started with zero over-
potential VRC. The t∗ input was calculated as the normalised total
charge throughput, a proxy for battery ageing, having the range
[0,1]. Gaussian white noise et ∼ N(0,0.0052) was added to the
voltage response and was assumed fully known.

Results and discussion
The EKF algorithm with the coupled dynamic model (18)-

(22), as described in Table 1, was used to estimate the posterior
distribution of the function R0(x, t∗). The process noise variance
elements Qx,QVRC were both set to 10−6.

A uniform prior was used for the hyperparameters, making
the minimisation of the energy function equivalent to the maxi-
mum likelihood estimate of the hyperparameters. Hyperparam-
eter σ2 was fixed at 10−4 and the two length scales lx, lt∗ were
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FIGURE 3. THE UDDS DRIVE CYCLE AND CALCULATED
CELL VOLTAGE RESPONSE. THE CYCLE WAS REPEATED 52
TIMES WITH A RECHARGE EVERY FOURTH CYCLE.

Parameter MLE Estimated variance

lx 1.768 0.1229

lt∗ 2.166 0.1002

TABLE 3. ESTIMATES FOR GP HYPERPARAMETERS

found using the fmincon function in MATLAB with lower and
upper bounds for parameters set as 0 and 10 respectively. Fol-
lowing that, the variance of the parameters was calculated using
Laplace’s approximation at the MLE point by inverting the nu-
merically calculated Hessian [33] of the energy function. The
calculated values are shown in Table 3.

The smoothed distribution of R0(x, t∗) was calculated using
the RTSS algorithm in Table 2. To ensure numerical stability,
Tikhonov regularization with λ = 10−12 was applied to the prior
covariance matrix in the backward recursion, so that

Gt = P+
t AT

t (P
−
t+1 +λ I)−1. (27)

The mean of the smoothed distribution is illustrated in Fig. 4,
which also shows two cross-sections, one along the t∗ dimen-
sion and another along the x dimension, together with confidence
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FIGURE 4. THE RTSS MEAN OF R0(x, t∗) OVER x AND
t∗. SLICES (a) AND (b) HIGHLIGHTED WITH CONFIDENCE
BOUNDS FROM THE MARGINAL DISTRIBUTION OF R0(x, t∗).

bounds calculated as the +/- 2σ values of the marginal smoothed
distribution for R0. The ground-truth is included in each case
to illustrate the goodness of fit. The UDDS cycle gave an ex-
cursion in SoC of 35%-75%, therefore not covering the whole
range of SoC. However, the method in this case extrapolates rel-

atively well across the whole range even with the narrow por-
tion observed. In the case of temporal variation at a single SoC
location, slice (a), there is slight divergence at 0.2 < t∗ < 0.5.
In addition, as a brief exploration of the model’s ability to ex-
trapolate degradation beyond the measured data, the EKF was
propagated forwards to a 10% increase in t∗, shown in slice (a)
in Fig. 4. The extrapolation in this short range already shows
divergence from the ground truth. The difference in the two ex-
trapolations illustrates the limitations in capability of Gaussian
processes to forecast out of the observed range. The ground truth
function (26) is polynomial with respect to SoC, making it easier
for the GP to extrapolate. In contrast, the sigmoid shape with
respect to degradation limits the scope for GP extrapolation in
this case. However, the performance in short-range extrapolation
is arguably better than models that do not include any dynamics
associated with the evolution of the parameters [9, 10, 12].

CONCLUSIONS
In order to enable stable and accurate battery state of health

estimation and improve the usability of electrical equivalent cir-
cuit models in battery management systems with limited com-
putational resources, a framework for functional parameter es-
timation was proposed. In this case resistance as a function of
SoC and degradation was estimated by modelling it as a Gaussian
process over two input dimensions. Using an extended Kalman
filter, the posterior distribution of the function may be inferred
recursively, with light computational load. The GP approximates
the ground-truth of the functional parameter accurately, and can
extrapolate across the SoC dimension in the case where the full
SoC range is not observed.

The hyperparameters controlling the Gaussian process may
also be estimated using a combination of the Kalman filter with
Bayesian inference. This is computationally more intensive and
thus should be done offline. A hybrid practical implementation
might then consist of online functional estimation using hyper-
parameters calculated from large datasets e.g. in the cloud. The
method may also be extended to estimate parameters in dynamic
equations e.g. 1(b). However, this is more challenging - the joint
state-parameter estimation problem becomes non-linear, and the
Kalman filter approach may not be stable. Additionally, this
method can be applied to estimate functional parameters in ef-
ficient reduced-order physics-based Li-ion models, where it is
known from experimental data that some parameters, namely the
solid state diffusivities, depend strongly on state of charge and
degradation.
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